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Fact file

* Seppe (he/him)
* St. Edmund’s College
* Department of Applied Math. And Theoretical Phys. (DAMTP)

* Black Holes, Gravitational Waves, General Relativity

* PhD: Numerical Relativity and Gravitational Waves

* Belgium, Leuven
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My Academic Pathway

« Greek-Mathematics, SALCO Haasrode, BE
 TWIN Bachelor Math.-Phys., KU Leuven, BE (2020)

* MSc Theoretical Phys. (2022), MSc Astrophysics (2023), KU Leuven, BE

* PhD (2023 - 2027), Cambridge.

%
2

* Afterwards: Postdoc? Professorship ?
Radboud Universiteit

* Why PhD? Passion for the Universe, teaching, academic lifestyle. %
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Overview

Learning Objectives
* Discover some concepts of non-Euclidean geometry.

 Have a basic understanding of the mathematical principles governing Special / General
Relativity.
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Reminder of Pre-work

Look up the fastest route for a plane to travel between London and New

&=
gi Do °
York City, and draw it on a flat world map. Why is this not a straight line?
0 woich * Watch the following Veritasium video until 19:58
* https://youtu.be/IFlu60qs7 4?si=wTdhMoXerqpfGbQV

Can you now explain why the shortest path between London and New York
does not seem straight on a flat world map? Does it look straight on the

Earth’s sphere?



Non-Euclidean geometry

NIV
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Euclidean plane

51

« 2-dimensional vectors (’L‘ y) c R? 11 &
- Euclidean distance 1
2]
N

a=(z1,51),b=(2,3) a e e S O T A

d(a,b) =D = /(z1 — 22)? + (y1 — y2)° :;
= Az? + Ay? 3l
-4+
_54d

From [1]
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Euclidean plane

- 2-dimensional vectors (z,y) € R?

* Euclidean distance

(z + dz,y + dy)

a=(r1,y1),b=(r2,92) .
da,b) = D = /(o1 — 22)2 + (41 — 92)°
= Az? + Ay?
« For small distances (#:9) dx

From [1]

ds? = dz? + dy?

NIV
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N-dimensional Euclidean space

* N-dimensional vectors (:3:1, Loy ... ,.’IN) c RY

* Euclidean distance (x4 dz,y + dy)

ds? = daz? +d3:2+---+d:1:2
1 2 N
N ds
_ 2 dy
= 5 dx;
i=1
(z,y)
« Recall: dx

ds® = dz? + dy? rrom {1

NIV



5B UNIVERSITY OF
- Q¥ CAMBRIDGE .

Euclidean geometry

 Through any 2 different points goes exactly one straight line.
* Two parallel lines either are the same, or never intersect.

* Two different straight lines intersect at most once.
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Geometry on a sphere

* Locally (!), our Earth looks flat. Euclidean geometry.
 However, the Earth is a sphere (it really is!)
* How long are straight lines on the Earth’s surface?

* What even is a straight line on Earth’s surface?
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Geometry on a sphere

From [1]
« Straight lines: the shortest possible path between two points.

* This is called a geodesic.

* On a sphere: great circles

* Great circles (when extended) intersect twice

* No “parallel straight lines” exist
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The metric

* Points on a sphere with radius R (0,0) € S

* Distance between two nearby points

ds* = R? (d6* + sin® 0 d¢?)

*¥-axis

/‘\/‘
NN
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The metric

Z-a¥is
r 3

Points on a sphere with radius R (9, (;5) c S?

Distance between two nearby points

ds* = R* (d6? + sin® 0 d¢?)

Distance between two distant points?

(01, 61), (02, 62)

(02,¢2) (02,¢2)
/ ds = / R\/ dO? + sin? 6 d?
(01,01) (01,01) / ‘ \ — / ‘\ o

*¥-axis
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The metric

 Example: sphere of radius 1
(0,0,1) = (0,1,0) € R? ‘
m 2 | N
(0,0)—:,(2,0)55 j&

* Euclidean distance: } | _
ds® = dz?* + dy* + dz° —— \1
—2=1.41...

* Distance on the sphere

ds* = R* (d6? + sin® 0 d¢?)

D="_—157..

: NIV
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Riemannian geometry

* Clearly, distances depend on the metric used.
 Riemann: generalization of everything before
* General metrics

ds® = g11(x)dz] + goa(x)das + gia(x)dayday + ... 8
* Recall: ds® = R? (dﬂg + sin? quf)z) /

* Smooth manifolds: sphere, torus, ...

* Importantly: ds? is always positive.
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The Poincaré half-plane |
* A famous example in 2 dimensions. 2.0- 2
 Upper half of real plane {(ﬂ:‘, y) c RQ‘ y > 0} .
* Metric ) d:ljg + dy2 . . .
ds® = 5
y 0.5 - L 4 @

-1.5 -1.0 -05 0.0 0.5 1.0 1.5 2.0 2.5

NIV
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The Poincaré half-plane
* A famous example in 2 dimensions. 2.0 &
* Upper half of real plane {(ﬂ:‘, y) < RQ‘ y > 0} .
* Metric , _ d:[j'g —|-dy2 N

ds

y2

0.5 1

* Straight lines (i.e. minimizing length between two points) ©o
are

. . . -1.5 —ll.O —(;.5 0.0 0:5 l.IO 1:5 2.I0 2.5
* Arcs of circles with centre on x-axis

* Straight vertical lines



Special Relativity

NIV
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Relativity

* At the start of the 20™ century, physicists had constructed a “classical” world
view (no guantum mechanics or special relativity). Physics seemed to be
“finished”.

* Principle of equivalence: different “inertial observers” must see the same physics.

* Different reference frames are related by “Galilean transformations”

Source: link
r I.F — I,
, Az Ax
X =X — Ut, = — U
1, At At
y =,

#]
1
#]



https://www.einstein-online.info/en/RelativityPrinciple/
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Relativity

* At the start of the 20™ century, physicists had constructed a “classical” world

view (no guantum mechanics or special relativity). Physics seemed to be
“finished”.

* Principle of equivalence: different “inertial observers” must see the same physics.

* Different reference frames are related by “Galilean transformations”

#]
1
#]



https://www.einstein-online.info/en/RelativityPrinciple/
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Special Relativity

* However, the laws of electromagnetism are inconsistent with all of
this

* Solution: the speed of light must be different for different
observers

* Experiments (like Michelson-Morley) showed however that the
speed of light is the same for all observers!
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Special Relativity

* However, the laws of electromagnetism are inconsistent with all of

this
* Solution: the speed of light must be different for different sl
observers 181
* Experiments (like Michelson-Morley) showed however that the T 16
speed of light is the same for all observers! 14 1
 Einstein’s solution: the Galilean transformations are not correct! ]

* Lorentz transformations o0 o2 o4 e e

y =y,

!
L & = 4.

rtf— / i
(=1, _””( c_zx)"

x' =~ —ut),
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Length contraction

* Observer B has a ruler of length 1m: t! = Y (t — %.’E) ,

-

(e
Az =27 — x5 = 1m z' =~(x—ut)

* From the other observer’s (A) perspective:

k

Source: li

=]



https://www.einstein-online.info/en/RelativityPrinciple/

Length contraction

* Observer B has a ruler of length 1m:

! ! !
Ar" =x7 — x5 = 1m

* From the other observer’s (A) perspective:

Aa' = (w1 — 20 — ulty — t)) = YAz

1m

Ar = —

®6|-

v=087¢c v=0995¢ v=0999c¢ v=c(7)

Source: link

B UNIVERSITY OF
CAMBRIDGE

Source:

=3

ink



https://d-arora.github.io/VisualPhysics/mod72/mod72D.htm
https://www.einstein-online.info/en/RelativityPrinciple/
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Time dilation

- Similarly, one can derive At = f}qﬁt"
 Time experienced by a moving observer goes slower. Source: Link
Out of a million y In the muon experiment, the relativistic approach
« Example: muon deca particles at 10 km, ﬂuﬂu:%mm yields agreement with experiment and is greatly
ple: y how many will height. different from the non-relativistic result. Note that the
reach the Earth? T muon and ground frames do not agree on the distance
L and time, but they agree on the final result. One
:’f 7 N observer sees time dilation, the other sees length
‘\-\_ ) ;,-’ contraction, but neither sees both.
u:maaszﬂ?m;'j__- v=08c
charge + of - T=5 Relativistic Non-
Rest halflife: Relativity Muon Ground | Relativistic
Ty=156x 10 sec e Distance | 2km | 10km | 10 km
Time 6.8us | 34us 34ps
Halflives | 4.36 | 4.36 21.8
Surviving | 49000 | 49000 0.3

These calculated results are consistent with historical
experiments.



http://hyperphysics.phy-astr.gsu.edu/hbase/Relativ/muon.html

Minkowski metric

* |If the speed of light is the same for everyone:

L

Ax

E = & p— 0= —CZAtQ + Aﬂ.’?2

NIV
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Minkowski metric

If the speed of light is the same for everyone:

L

A
Ed::c & 0= —cAA2 + Ax?

* Einstein introduced a metric on a 4-dimensional “space”: spacetime

ds®> = —c2dt? + da® + dy® + dz>

* |nvariant under Lorentz transformations

* Lorentz transformations and Minkowski spacetime satisfy the principle
of relativity and a constant speed of light.
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Minkowski metric

* All of this is confusing
* Minus sign in the metric? ng _ —CthQ + d:l?z + dy2 + dZQ
* 4-dimensional spacetime?

* Lorentz transformations?
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Minkowski metric

* All of this is confusing
* Minus sign in the metric? dSQ _ —CthQ + d:L‘Q + dyz + dZQ
* 4-dimensional spacetime?

* Lorentz transformations?

* Simplify

|
|
oy
W}
=
~
W}
_I_
=8
=
(W}

. . . d 2
* One space, one time dimension S
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Lengths of curves ds’ = —2dt” + da?

ct 4
*  What does this minus sign in the metric do? C A(Q, 2)
* Length of OB: as usual, equal to 2 2 |
¥ @
@, B T
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Lengths of curves ds’ = —2dt” + da?

ct 4
*  What does this minus sign in the metric do? C A(Q, 2)
» Length of OB: as usual, equal to 2 4 @
* Length of OC: no change in x, only in time. i
2 ’
ds® = —c*dt As = —A(ct) = —2 ? R
U/ @
@, B T
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Lengths of curves ds* = —c?dt® + da?

ct 4

*  What does this minus sign in the metric do? C A(Q 2)
» Length of OB: as usual, equal to 2 4 @
* Length of OC: no change in x, only in time. i

2 742 .’

ds® = —c*dt As = —A(ct) = —2 ? R
(this is not exactly correct) , s ’
: : . ¢ @ >

* Length of OA: change in x is the same as the change in ct. O B €

As = —Act) + Az =0



Lengths of curves ds* = —c?dt® + da?

What does this minus sign in the metric do?
* Length of OB: as usual, equal to 2

* Length of OC: no change in x, only in time.

ds® = —c*dt* As = —Alct) = —2 ?
(this is not exactly correct)

* Length of OA: change in x is the same as the change in ct.

As = —Act) + Az =0

* In Minkowski space: curves can also have zero length. /

58 UNIVERSITY OF
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cta
C A(2,2)
@ ,.
'/ & >
@, B T
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Lengths of curves ds* = —c?dt® + da?

ct 4

*  What does this minus sign in the metric do? O A(Q, 2)
« Length of OB: as usual, equal to 2. Spacelike separated * @

* Length of OC: no change in x, only in time. Timelike !

2 142 2
ds* = —c?dt As = —A(ct) = =2 ? 7
(this is not exactly correct) , ’ ’
: : . ¢ ® >
* Length of OA: change in x is the same as the change in ct. O B X
Hohtlike  As = —A(et) + Az =0

* In Minkowski space: curves can also have zero length. / \ — / \ _—
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Minkowski spacetime | orton, 2019

causal curve

/

 The light cone at a point are all the points in ‘

spacetime that are in causal contact with that point

tinme

future lightcon®

space

Space

ds® = —c2dt® + dx® + dy? + dz°
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Special Relativity | oron, 2019

causal curve

/

tgnle

* To obey the principle of relativity, with every inertial 1
observer measuring the same speed of light, Einstein
introduced Lorentz transformations.

Fature lightco™®

* The Lorentz transformations leave the spacetime spact
interval (the metric) invariant >

ds®> = —c2dt? + dx? + dy® + d2>
 The minus sign in the metric indicates a timelike
direction. 0N

Space

 The distance between two different points can be Past lightcone
zero now as well.

* The lightcone defines the points in spacetime that / ‘ \ - / ‘ \ -

are in causal contact \




General Relativity

NIV
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Theory

* Equality of gravitational and inertial mass

quau — mqrav g F = Minert A

m qrav
a=——g=kyg

Minert

* There is no law that prohibits k from differing between different particles / matter.

* But, the masses are the same

7 ‘\ / ‘\
\ VAN
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Theory

* Einstein: locally, there is no way to distinguish between an observer at rest and
an observer falling in a uniform gravitational field.

* Einstein’s equivalence principle: All observers are equivalent if there are no forces
than the gravitational force working on the observer.

* This puts the gravitational force on a special pedestal.
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Theory

* Einstein: locally, there is no way to distinguish between an observer at rest and
an observer falling in a uniform gravitational field.

* Einstein’s equivalence principle: All observers are equivalent if there are no forces
than the gravitational force working on the observer.

* This puts the gravitational force on a special pedestal.

* Einstein: gravity is the result of curvature in spacetime.

T. PYLE/CALTECH/MIT/LIGO LAB

* Spacetime is still described with a metric.

 Curvature <=> Matter / Energy

8mG

1
R;w — Eg;ﬂJR + Ag‘ufx — CTT}W
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Geodesics

 How to determine the motion of masses in curved spacetime?

* Geodesic equation

d?xH p dxV dx”

—— =)
dr? "Pdr dr

* Geodesics: paths that extremise the space-time distance between two points.

* The curvature of spacetime tells particles how to move. Particles upon which no
forces other than gravity are acting, follow geodesics.
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Black holes

* Black holes are solutions to Einstein’s equations for vacuum

* Schwarzschild black hole (non-rotating) metric

2M dr?
ds® = — (1 - ) (c*dt?) + ﬁ + r*d#* + r* sin” 0d ¢
r _2M

r NASA's Goddard Space Flight Center/Jeremy

* Schwarzschild radius r = 2M: event horizon

* From the metric, all the science can be derived.



Conclusions

NIV
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Takeaways

* In geometry, we can use metrics that differ from the Euclidean distance.

« When we use different metrics, the notion of a ‘straight line’ is replaced with the
notion of a geodesic; a line that minimises the length between two points.

* Special Relativity is described in terms of the Minkowski metric on a 4-
dimensional spacetime, where the time coordinate has a minus sign in the metric.

* The introduction of the minus sign leads to the possibility of zero lengths.

* In General Relativity, more complex metrics describe different physical situations.
The time component still has a minus sign, and geodesics are obtained from the

geodesic equation.

‘\/‘\
\ A N
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Suggestions for Further
Research

Read « Reference [1] is an excellent presentation of geometry, Special and General
Relativity aimed at students finishing high school. This is not free, however.

< ll'

@ wach + PBS Spacetime (YouTube) has multiple excellent videos on Relativity, with
stunning animations. Playlist on General Relativity: https://youtube.com/playlist?
list=PLsPUh22kYmNAmMjsHke4pd8S9z6m_ hVRur&si=8vdTEMYj1DMIQEY _

* CCIR Future Scholar Programme: normally offers a 12 week online course on
Special Relativity
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Extension Questions

* Try to show that the Minkowski metric is invariant under Lorentz transformations. For this,
consider the Lorentz transformation as shown in the slides, for a velocity that is purely in the x-
direction. To calculate dx’ and dt’ you need to use the chain rule, e.q. 9 9

L / x /
dr = @da’: + @dt

* A Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is a model for a homogeneous (the same
everywhere in space) and isotropic (the same in all directions) Universe. Taking coordinates
t,x,y,z, can you find out what the metric should look like? On what coordinates can the metric
depend? How many different metric functions can you have?

* Proper time T is defined as below, and corresponds to the time experienced by an observer in its
own rest frame. In other words, proper time is the physical time an observer experiences, rather
than the coordinate time t. In terms of the Minkowski metric, can you explain why this definition

makes sense? dez_d_g / ‘\ —/ ‘\ -
NN
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Extension Questions: Answers

dr = ~(dz’ —udt'),dt = v(dt' — % dz')
c
2

Adt? — da? = 4? (‘rzg(dt’t)2 — (da')* + u%z(dm’) — u?(dt") )
c

— Cg(dtf)Q o (dmf)ﬂ
* Due to homogeneity, the metric functions can only depend on time (i.e. the metric does not

depend on the spatial position. Due to isotropy, no cross terms dx dy can be in the metric, and all
spatial metric functions need to be the same. This leads to the FLRW metric

* An observer in its own rest frame will always be at the origin of its coordinates, and does not
measure its own movement (as the frame moves with the observer). Therefore, according to the
observer dx=dy=dz=0, and the metric in the observer’s frame is simply

ds® = —c?dt? B
S
/]

* Therefore, the proper time is the time coordinate an observer ‘ \
assigns to its own rest frame, i.e. the time coordinate the \ | \
observer itself experiences (therefore, proper time)
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Glossary of Key Terms

Key Term Definition

The metric determines the distance between neighbouring points. It can vary from point to point (Riemannian) and
even be negative (Lorentzian).

A line between two points that extremises (i.e. minimises or maximises) the distance between these points. A
generalisation of ‘straight lines’ in more complicated geometries.

Einstein’s Theory of Special Relativity relates measurements between different inertial observers, that is observers
without acceleration, moving at constant velocity with respect to each other. It unifies space and time into 4-

dimensional spacetime.

Einstein’s Theory of General Relativity extends Special Relativity to include gravity. It describes gravity as a result of
the curvature of spacetime, caused by massive bodies.
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Studying Phys/Math at university

* In general: challenging, but very interesting.

* Skills: analytical thinking, (abstract) reasoning, problem solving,
perseverance

* Not a study that you undertake for lack of better alternatives: motivation
/ passion required.

* Physics requires mathematics

* Why? Understanding the Universe, learning an analytical/mathematical
way of thinking. The latter is heavily sought after in companies.

Minimum offer level /
A level: A*A*A

IB: 41-42 points, with 776 at Higher Level

STEP: all Colleges require at least grade 1 in two STEP papers (STEP 2 and 3)

Other qualifications: Check which other qualifications we accept.
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Studying X subject at University

UCAS Subject Page

UCAS/mathematics-and-statistics

UCAS/physics-and-astronomy

Cambridge Course Page

https://www.undergraduate.study.cam.ac.uk/courses/mathematics-ba-hons-mmath

https://www.undergraduate.study.cam.ac.uk/courses/natural-sciences-ba-hons-msci

myheplus.com Subject Page

https://myheplus.com/subject/mathematics

https://myheplus.com/subject/physics / ‘\ — / ‘\ _



https://www.ucas.com/explore/subjects/mathematics-and-statistics
https://www.ucas.com/explore/subjects/physics-and-astronomy
https://www.undergraduate.study.cam.ac.uk/courses/mathematics-ba-hons-mmath
https://www.undergraduate.study.cam.ac.uk/courses/natural-sciences-ba-hons-msci
https://myheplus.com/subject/mathematics
https://myheplus.com/subject/physics
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Thank you



	Slide 1
	Fact file
	My Academic Pathway
	Slide 4
	Overview
	Reminder of Pre-work
	Slide 7
	Euclidean plane
	Euclidean plane (2)
	N-dimensional Euclidean space
	Euclidean geometry
	Geometry on a sphere
	Geometry on a sphere (2)
	The metric
	The metric (2)
	The metric (3)
	Riemannian geometry
	The Poincaré half-plane
	The Poincaré half-plane (2)
	Slide 20
	Relativity
	Relativity (2)
	Special Relativity
	Special Relativity (2)
	Length contraction
	Length contraction (2)
	Time dilation
	Minkowski metric
	Minkowski metric (2)
	Minkowski metric (3)
	Minkowski metric (4)
	Lengths of curves
	Lengths of curves (2)
	Slide 34
	Slide 35
	Slide 36
	Minkowski spacetime
	Special Relativity (3)
	Slide 39
	Theory
	Theory (2)
	Theory (3)
	Geodesics
	Black holes
	Slide 45
	Takeaways
	Suggestions for Further Research
	Extension Questions
	Extension Questions: Answers
	Glossary of Key Terms
	References
	Studying Phys/Math at university
	Studying X subject at University
	Thank you

